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I. Introduction
mong the many important and novel contributions of 
Lotfi Zadeh are the two that are covered in this arti-
cle—Type-2 Fuzzy Sets (T2 FSs1) and Computing 
With Words (CWW).

A T2 FS extends Zadeh’s original fuzzy set (now called by 
many a Type-1 Fuzzy Set (T1 FS) from a FS whose membership 
grade is a single (point) value to a FS whose membership grade is a 
function, thereby smearing out the point value of the membership 
grade of a T1 FS to model uncertainty about that value. When the 
smear is uniformly weighted, the result is called an Interval T2 FS 
(IT2 FS); otherwise, it is called a General T2 FS (GT2 FS). So, the 
name “T2 FS” can now be thought of as the union of IT2 FSs and 
GT2 FSs. See [26] for an overview of T2 FSs and fuzzy systems.

Why did Zadeh invent T2 FSs? During the 1960s and early 
1970s, he was under attack for his work, and one such attack was 
about the Membership Function (MF) of a FS, e.g., how could a 
FS be an uncertainty model if once its MF parameters are speci-
fied there is nothing uncertain about the FS? I can only speculate 
that perhaps a T2 FS was a response to this attack; or, perhaps he 
realized from the very beginning of FSs that requiring something 
“fuzzy” to be precise seemed like a contradiction. Regardless, it 
was in [58] that he introduced fuzzy sets of type-2 (later to be 
called by others “T2 FSs”) as well as their close relatives, fuzzy sets 
with interval-valued MFs (later to be called by others “interval-
valued fuzzy sets”). Huge literatures now exist for all of these more 
advanced FSs. This relatively short article only touches upon a 
small number of items about T2 FSs that the author feels should 
be called to the attention of the readers.

The phrase CWW was first introduced by Zadeh in [60], in 
which he equated it with fuzzy logic. One could mistakenly 
believe, because of the equal sign in the title of this article, that 
CWW was a closed subject, but upon reading this seminal 
paper, one finds that this is hardly so.

What exactly does CWW mean? Is it something new or is 
it only a relabeling of things? Later, in this article, you will learn 
that it is a little of both, due to Zadeh’s inclusive nature. See 
[28] for some background discussions about CWW.

Due to the limits on page length for this article, only the 
“essential” references that are needed for this paper are at its 
end. See the Online Resources for more references.

II. Why Type-2 Fuzzy Sets Should be Used
For those readers who have no idea why one would want to 
use a T2 FS, or who argue that they are too complicated to be 
used in real-world applications, this section provides some rea-
sons for why T2 FSs should be used.

A. Uncertainty Partitions
MFs let a variable’s domain be partitioned in different ways 
depending upon how much uncertainty is to be modeled about 
the boundaries of the partitions. BOX 1 describes four kinds of 
uncertainty partitions, two of which are modeled with T2 FSs.

Interestingly, [34] demonstrates that second-order partitions 
suffice when it comes to modeling partition-boundary uncer-
tainties. Thus T2 FSs are a way to model the uncertainties 
about MF overlap. Those uncertainties will, of course, then be 
propagated through FS calculations in a T2 fuzzy system or 
other application of T2 FSs, something that cannot be done in 
a T1 fuzzy system.

B. Using the Right Model
When unpredictability is present, [40, p. 19] most of us have no 
problem with using probability models and analyses from the 
very beginning; hence, when MF uncertainties (e.g., due to lin-
guistic or partition end-point uncertainties) are present, one 
should have no problem with using T2 FS models and analyses 
from the very beginning. Some may ask: “How much MF 
uncertainties must be present before T2 FSs should be used?” 
Maybe, in the early days of probability, a similar question was 
asked; however, it no longer seems to be asked. When random-
ness is suspected, probability is used. So when MF uncertainties 
are suspected, T2 FSs should be used.

FSs are already used in a multitude of applications (called 
here “fuzzy systems”, for short) some of which involve random 
data, and therefore provide an alternative to using probability-
based designs. Because a fuzzy system is non-linear, it would be 
exceedingly difficult, if not impossible, to develop a probability-
based fuzzy system, even if the measurement noise or other 
random uncertainties could be modeled as Gaussian random 
processes. When they are non-Gaussian, it is essentially impossi-
ble to do this. This does not mean that randomness is ignored 
during the designs of fuzzy systems.

When MF parameters are optimized during a tuning pro-
cess that uses random data, the resulting fuzzy system is ran-
dom. Such randomness is handled by performing extensive 
Monte-Carlo simulations for the fuzzy system so that first- and 
second-order statistics can be provided for an application’s 
important performance metrics.

C. Scientific Correctness of T2 FSs for CWW
CWW deals with words. Because words can mean different 
things to different people, it is important to use a FS model that 
captures word uncertainties (intra-uncertainty that an individual 
has about a word, and inter-uncertainty that a group has about 
the word). [28], [40, Sec. 1.5] argue, using Karl Popper’s falsifi-
cationism, that using T1 FSs to model words is an incorrect 

Online Resources for this Article:
https://jmmprof.wixsite.com/jmmprof
Supplementary Material (SM) to this article contains:

 ❏ Many more references, organized according to the sections 
of this article.

 ❏ A never before published very comprehensive list of more 
than 1260 articles for T2 FSs and T2 fuzzy systems.

 ❏ Sources for T2 FS and CWW software.

A

1Because many abbreviations are used in this article, they are given in Table 1 for the 
convenience of the reader.
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BOX 1: Uncertainty Partitions [34]
A crisp partition (Fig. 1a) of ( )X x X!  comprises non-overlapping adjacent regions that are intervals of real numbers, where the degree 
of membership in each region is 1. They can be described mathematically using classical (crisp) sets.

A first-order uncertainty partition (Fig. 1b) of X  comprises overlapping intervals, where one is absolutely certain about where the 
overlap begins and ends, so that the degree of membership in each region of overlap is a real number that is an element of [0, 1]. 
They can be described mathematically using T1 FSs.

A second-order uncertainty partition (Fig. 1c) of X  comprises overlapping intervals where one is unsure about where the overlap 
begins and ends, so that the degree of membership in each region of overlap is an interval of real numbers that is a subset of [0, 1].

A uniformly (non-uniformly) shaded FOU (Table 1), Fig. 1c (d), denotes a uniform (non-uniform) weighting of all of its points and 
can be described mathematically using IT2 (GT2) FSs.

a b c d

1

100 a b c d 100

 

 1
 

 

x

        

1

0 

 

 

10 10 

 

 

 
 

µWi 
(x ) 

µWi 
(x ) 

µWi 
(x ) 

x

x

VL L M H VH

VL L M H VH

VL L M H VH

al br cr drcl dlar  bl

al bl brb  cl dl drcrc
al 1

dl 1 dl 2

dr 2
dr 1al 2

ar 2ar 1

ar

1

0 

µWi 
(x ) 

x

VL L M H VH

al bl brb cl dl drcrc
al 1

dl 1 dl 2

dr 2dr 1al 2

ar 2ar 1

ar

(a) (b)

(c) (d)

FIGURE 1 Uncertainty partitions: (a) crisp, (b) first-order uncertainty, (c) second-order uncertainty, uniform weighting, and (d) second-
order uncertainty, non-uniform weighting. In general, it is not necessary for membership grades to sum to unity at each value of x.

TABLE 1 Abbreviations and their definitions.

ABBREVIATIONS DEFINITION ABBREVIATIONS DEFINITION

ACWW ADVANCED COMPUTING WITH WORDS IWA INTERVAL WEIGHTED AVERAGE

BCWW BASIC COMPUTING WITH WORDS MF MEMBERSHIP FUNCTION

COS CENTER OF SETS NL NONLINEAR

CWW COMPUTING WITH WORDS NLP NATURAL LANGUAGE PROCESSING

FN FUZZY NUMBER PER-C PERCEPTUAL COMPUTER

FOU FOOTPRINT OF UNCERTAINTY SM SUPPLEMENTARY MATERIAL

FS FUZZY SET T1 TYPE-1

GEP GENERALIZED EXTENSION PRINCIPLE T2 TYPE-2

GT2 GENERAL TYPE-2 TR TYPE-REDUCTION

ICWW INTERMEDIATE COMPUTING WITH WORDS WH WAGNER-HAGRAS

IT2 INTERVAL TYPE-2
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 scientific theory, whereas using T2 FSs to model words is a cor-
rect scientific theory.

D. Complexity
Just as many (if not most) probability computations are more 
complicated than deterministic computations, T2 computations 
are also more complicated than T1 computations. Just as proba-
bility models introduce additional parameters over determinis-
tic models, T2 FS models also introduce additional parameters 
over T1 FS models. However, this author believes that prece-
dence should be given to using a correct uncertainty model 
over complexity.

It is only after a design is completed, and if significant per-
formance improvement is achieved by using T2 FSs over using 
T1 FSs, that computational complexity issues should be 
addressed. Such issues are not simple, and are very dependent, 
among other things, on whether computations will be imple-
mented in hardware or software, using sequential or parallel 
processing, etc., and are beyond the scope of this paper.

E. Applications
T2 FSs have already found success in many real-world applica-
tions. According to [32, p. 15]:

Since 2001 there have been an enormous number of real-
world applications for T2 FSs and systems. [27] provides 
references for the following applications: approximation, 
control, databases, decision making, embedded agents, 
health care, hidden Markov models, neural networks, 
noise cancellation, pattern classification, quality control, 
spatial query and wireless communication. [11] provides 
references for and discussions about  applications of IT2 
fuzzy logic control to industrial control, mobile-robot 
control and ambient intelligent environments (see, also, 
[12]). [9] provides references for and discussions about the 
following applications: manufacturing operations and in-
dustries, service operations and industries, and informa-
tion and communication technology; its tables include 
why the particular application required T2 FSs. [13] pro-
vides references for and discussions about a set of sample 
applications of T2 fuzzy systems in the following sectors: 
business and finance, electrical energy, automatic control, 
networks and medical/health. [7] provides many refer-
ences for and discussions about applications of interval T2 
fuzzy systems in intelligent control; its tables also include 
why T2 FSs were required for the specific application. 
[Finally,] [36, Section 1.8)] provides references for and dis-
cussions about real world applications of IT2 Mamdani 
fuzzy logic controllers in: industrial control, airplane alti-
tude control, control of mobile robots and control of am-
bient intelligent environments.

III. Type-2 Fuzzy Sets
Most researchers of T2 FSs and T2 rule-based fuzzy systems 
refer to [24] but much has occurred since its publication in 
2001. The second edition of that book is [32]; it includes all of 

the topics that are covered below, but in much greater detail. 
For a very interesting historical account of different kinds of 
FSs, including T2 FSs, see [6].

A. Notation
Just as new notations and definitions were needed for T1 FSs, 
new notations and definitions were needed for T2 FSs. Unfor-
tunately, some of the early notations (which were used for a 
long time) were poor and inaccurate [24, Ch.3], but they have 
been fixed [1], [39]. Tables 2 and 3 present notations that are 
now recommended for GT2 and IT2 FSs, respectively (see [32, 
Ch. 6] for detailed definitions and examples). Fig. 2 illustrates 
what some of the notations mean. Note that in order to distin-
guish between a T1 FS and a T2 FS one tilde is put over a let-
ter for the latter, i.e., A denotes a T1 FS and Au  denotes a T2 
FS. Note, also, that the preferable notations are “type-2” and 
not “type-II,” and A^ _u  and not .A^ _uu  Although Auu  is used in 
[18], thanks to a suggestion made around the year 1998 by the 
then Editor-in Chief of the IEEE Trans. on Fuzzy Systems, Jim 
Keller, Auu  was simplified to .Au

In some of the Table 2 entries the phrase “or, in FS nota-
tion” is used. FS notation was introduced by Zadeh [57] and 
has remained popular for more than 50 years, although many 
people find it somewhat strange and object to its use of sym-
bols such as the integral and summation. [1] distinguishes 
between “FS notation” and “standard mathematical notation.” 
Each notation can be used where appropriate, e.g., the FS 
notation lets one connect back to the very large literature that 
uses it, including Zadeh’s articles.

B. Different Kinds of IT2 FSs
All of the works on IT2 FSs, from 1998–2015 until [5], were for 
when Ix  is connected, and no distinction was made between Ix  
and Jx  (in fact, symbol Ix  never appears in those works). 
Unfortunately, Jx  was never formally defined. Instead, it was 
always stated that [ , ],J 0 1x 3  which left Jx  open to the richer 
interpretation provided in [5] for which Ix  does not have to be 
connected. It is in that interpretation that one gains an apprecia-
tion for distinguishing between connected and disconnected .Ix

In [5] one finds examples of different kinds of IT2 FSs, e.g., a 
“multiset” for which Ixi  is a set of points each with a secondary 
grade of unity; a “multi interval-valued” FS for which Ixi  is a set 
of non-overlapping intervals, each with a secondary grade of 
unity for all of their elements; and another kind of “multi inter-
val-valued” FS for which Ixi  is a set of points and non-overlap-
ping intervals, each with a secondary grade of unity for all of 
their elements. These non-connected IT2 FSs are now the sub-
ject of research, e.g. [47], [55]. 

C. Why Are GT2 FSs Needed?
Here are three reasons why GT2 FSs and fuzzy systems are 
needed: (1) A GT2 FS is the next logical FS model to use in a 
fuzzy system when satisfactory system performance cannot be 
achieved by using T1 or IT2 fuzzy systems; (2) A GT2 FS is a 
more flexible uncertainty model than an IT2 FS because a 
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GT2 FS weights uncertainty non-uniformly whereas an IT2 
FS weights it uniformly (a good example of this is the centroid, 
which is a measure of the uncertainty of a T2 FS; it is a T1 
interval FN for a closed IT2 FS but is a T1 FS for a GT2 FS); 
and, (3) A GT2 FS can resolve statements that are semantically 
incompatible whereas an IT2 FS cannot (see [10] for a very 
nice explanation of this).

D. Representations for GT2 FSs
In the very early days of T2 FSs there were only two mathe-
matical ways to represent them, points and vertical slices. 
Around 2002, it was shown that they could also be represented 
as the union of embedded T2 FSs, now called the “wavy-slice 
representation”. Finally, around 2008 it was shown that they 
could also be represented as the union of horizontal slices 

TABLE 3 Language and notations for IT2 FSs.

SYMBOL LITERAL DEFINITION MATHEMATICAL DEFINITION OR FORMULA

Au IT2 FS FOR WHICH ALL SECONDARY GRADES EQUAL UNITY ( , ), ( , ) | , [ , ]A x u x u x X u U1 0 1A ! ! /n= =u u^ h" ,
SPECIAL SITUATION WHEN ALL SECONDARY GRADES = 1 AND IX IS CLOSED 

Au CLOSED IT2 FSa (CIT2 FS) ( , ), ( , ) | ,A x u x u x X u I1A x! !n= =u u^ h" ,
I x CLOSEDb SUPPORT OF SECONDARY MF A{ [ , ] | ( , ) } [ ( ), ( )]I u x u x x0 1 0x A A2! n n n= = ru u u

A( )xn u LOWER MF OF ( )FOU Au A( ) { | [ , ], ( , ) }x INF u u x u0 1 0A 2!n n=u u

( )xAnr u UPPER MF OF ( )FOU Au ( ) { | [ , ], ( , ) }x SUP u u x u0 1 0A A 2!n n=r u u

( )FOU Au FOOTPRINT OF UNCERTAINTY FOR Au A( ) ( ) {( , ) |   [ ( ), ( )]}DOU FOU ANDA A x u x X u x xA! ! n n= =u u ru u

( )LMF Aau LMF OF Aau ( ) ( ),LMF A a x x X!=a a
u

( )UMF Aau UMF OF Aau ( ) ( ),UMF A b x x X!=a a
u

aMost IT2 articles use closed IT2 FSs, in which case “closed IT2 FS” is usually replaced by “IT2 FS”.
bAn author must specify if Ix is or is not closed.

TABLE 2 Language and notations for T2 FSs.

GENERAL SITUATION 

SYMBOL LITERAL DEFINITION MATHEMATICAL DEFINITION OR FORMULA

Au GT2 FS WITH MF ( , ),x uAn u  WHERE ( , )x u0 1A# #n u (( , ), ( , )) | , [ , ]{ }A x u x u x X u U 0 1A ! ! /n=u u

( ) ( )A x Axu u NAME OF SECONDARY T1 FS ( ) ( )A x A x
[ , ]0 1
a=

!

a

a

u u6 @'

( )A x a
u a -CUT OF ( )A xu ( ) { | ( ) } [ ( ), ( )], [ , ]A x u u a x b x 0 1( )A x $ / !n a a=a a a

u u

( )u( )A xn u SECONDARY MF [VERTICAL SLICE OF ( , )x uAn u ] A RESTRICTION OF FUNCTION : [ , ] [ , ]X 0 1 0 1A "#n u  TO ,x X!  

I.E. : [ , ] [ , ];0 1 0 1( )A x "n u  OR, IN FS NOTATION, ( ) ( )u f u u( )
[ , ]

A x x
u 0 1

n =
!

u #

( )f ux SECONDARY GRADE OF x  ( ) ( , ),f u x ux A/ n ll u  WHERE ( )f u0 1x# #l

Jx PRIMARY MEMBERSHIP OF x {( , ) | [ , ], ( , ) }J x u u x u0 1 0x A 2! n= u

I x SUPPORT (CONNECTED OR DISCONNECTED) OF ( )u( )A xn u { [ , ] | ( , ) },I u x u0 1 0x A 2! n= u  SO THAT { }J x Ix x#=

( )ADOU u DOMAIN OF UNCERTAINTYa FOR Au ( ) {( , ) [ , ] | ( , ) }DOU A x u X x u J0 1 0A xx X
# 2! n= =

!
u u '

Aeu EMBEDDED T2 FS (IN Au ) : [ , ]X 0 1Ae "n u  WHEN ( ) ( , ( ));x x u xA Aen n=u u  OR, IN FS NOTATION,

( ) [ , ]A f u u x u 0 1e x
x X

!=
!

u 6 @#

Ae EMBEDDED T1 FS (IN Au ) : [ , ],u X 0 1"  SATISFYING ( , ( )) ;x u x 0A 2n u  OR, IN FS NOTATION,

[ , ]A u x u 0 1e
x X

!=
!
#

Aau a -PLANE (OF Au ) ( , ), ( , ) , [ , ] ;A x u x u x X u 0 1A $ ! !n a=au u" ,  OR, IN FS NOTATION,

{( , ) | ( ) } ( ) / [ ( ), ( )]/A x u f u A x x a x b x x
[ , ]

x

ux X
x X x X

0 1

$ a= = =
!!

! !
a a a a
u u## # #

RAau HORIZONTAL SLICE (OF ( , )x uAn u ) AT LEVEL a  
(ALSO CALLED ZSLICE) 

/R AA a= aa
uu

aWhen A( ) {( , ) | [ ( ), ( )]},andDOU A x u x X u x xA! ! n n=u ru u  then ( )DOU Au  is also called ( ),FOU Au  and, ( ) .FOU A A 0=u u
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(defined below). This latter representation is very important 
because it lets everything that has been learned about IT2 FSs 
be applied to GT2 FSs, one horizontal slice at a time, and this 
has led to renewed interest in GT2 FSs and systems. Because of 
the importance of these four representations they are briefly 
described next.

1) Points Representation
The definition given for Au  in the first row of Table 2 is the 
“points representation” of .Au  It is the starting point (no pun 
intended) for the other representations and may also be the 
way in which a GT2 FS is stored in a computer, but at present 
it is of no use for anything else.

2) Vertical Slice Representation
The “vertical-slice representation” of GT2 FS Au  focuses on 
each value of the primary variable ,x  and expresses Au  as the 
union of all of its secondary T1 FSs, ( ),A xu  as [42]:

 ( ) ( )/ .A A x u x( )
x X

A x
x X

n= =
! !

u u u' #  (1)

Because a T1 FS can be represented as the fuzzy union of its 
,-cutsa  (1) can also be expressed as:

 / ( )A A x x
[ , ]x X 0 1

a=
!!

a

a

u u; 6 @E'#  (2a)

or, for convex secondary MFs, as:

 /[ ( ), ( )] .supA a x b x x
[ , ]x X 0 1
a=

!! a

a a
u 6 @#  (2b)

The vertical slice representation is very valuable, e.g., for com-
puting the intersection, union and complement of GT2 FSs.

3) Wavy Slice Representation
The “wavy slice representation” of GT2 FSAu  is the set theo-
retic union of all of its embedded T2 FSs, i.e. [37]

 .A Ae
j

j
=
6

u u'  (3)

When x  and u  are discretized then there are a countable num-
ber of ,Ae

ju  but that number can be very large, which makes this 
representation of Au  not very practical for computation purpos-
es. It is very useful, however, for theoretical purposes. For a 
closed IT2 FS, (3) becomes:

 ( ) .A FOU A A1 1 e
j

j
= =

6

u u '  (4)

(4) can be interpreted as the FOU being covered by the union 
of all of its embedded T1 FSs.

4) Horizontal Slice Representation
When the -planea  Aa

u  is raised to ,level-a  it is a plane (hori-
zontal slice) at that level and can be obtained by connecting 
respective -cutsa  of all T1 vertical-slice secondary MFs for 

.x X!  The “horizontal-slice representatation” of GT2 FS ,Au  

independently discovered by Liu [20] and Wagner and Hagras 
[48], for convex secondary MFs, is:

 
[ ( ), ( )]

  / / .

sup

sup

A a x b x x

A A
[ , ]

[ , ] [ , ]

x X0 1

0 1 0 1

a

a a

=

= =

! !

! !

a

a a

a

a a

a

u

u u

8 B
'

#
 

(5)

Unfortunately, two different notations and terminologies 
are presently being used for (5): a plane-  raised to level 

)(RAa au  and zSlice (for a side-by-side comparison of a plane-  
and zSlice descriptions, see [30], [32, Table 6.2]). One can 
give compelling reasons for using both of these terminologies. 
A reason for using “ -planea ” is: each T1 secondary MF can 
be expressed in terms of its ,-cutsa  and an -planea  is the 
union of all such -cutsa  at a fixed value of ,a  so the term 
“ -planea ” connects perfectly with the long-used term 
“ .-a cut ” Two reasons for using “zSlice” are: (1) naming coor-
dinates ( , , )x y z  has a long mathematical heritage, whereas 
calling them ( , , )x u n  does not, and (2) zSlices are already al 
level ,z  which is exactly where we want them to be, whereas 
an -planea  has to be raised to level a  for it to be where we 
want it to be. It is confusing to have two different terminolo-
gies for the same things, so here (as in [30], [32, Ch. 6)]) this 
kind of a representation is called a “horizontal slice represen-
tation” since “horizontal” compliments “vertical” and “wavy” 
rather nicely.

E. IT2 Fuzzy Systems
There are now two kinds of IT2 fuzzy systems (also called an 
IT2 fuzzy logic system)—both of which use closed IT2 FSs—
the original and still very widely used IT2 fuzzy system that 
requires Type-Reduction (TR) (explained in Subsection III.F) 
followed by (+) defuzzification (Fig. 3a), and the IT2 fuzzy 
system that uses direct defuzzification (Fig. 3b).

Prior to 2002 [54] there was only one kind of IT2 fuzzy 
system, namely the one with TR + defuzzification. Because 

(Primary
Variable) 

Secondary MF
(Vertical Slice)  

Embedded
T1 FS 

Upper MF
(Large Dashed) 

Lower MF
(Small Dashed) 

Secondary
Grade   

1 

u (Secondary Variable)

0 

Footprint of
Uncertainty
(FOU)    

xx ′

lx′

µ (MF Value/
Secondary Grade) 

FIGURE 2 Some components of a closed GT2 FS Au  [31]; in general, 
embedded T1 FSs do not have to be straight lines. Not shown is an 
embedded T2 FS (a 3D foil, one of which would have the shown 
embedded T1 FS as its support with its secondary grades along the 
n -axis).
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TR involves iterative computations (see Subsection III.G), 
which may introduce undesirable time delays when an IT2 
fuzzy system is used in a real-time application, such as fuzzy 
logic control, an alternative to TR + defuzzification was need-
ed, the result being an IT2 fuzzy system with direct defuzzifi-
cation. Consequently, TR is now an option and no longer a 
requirement. Surprisingly though, not one publication has 
been found by this author that demonstrates time delays from 
TR—which are quite small—lead to reduced performance or 
system instability.

The three most popular ways of direct defuzzification are 
described briefly next. References for other ways to do this can 
be found in [32, pp. 497–498]

In [54] TR is replaced by using closed-form minimax-
optimal formulas for bounds (called “uncertainty bounds”) of 
the end-points of the type-reduced set. Although this 
approach eliminates the iterative nature of TR the formulas 
are still too complicated to be used in mathematical perfor-
mance analyses.

In [43] an IT2 FS is obtained by performing the union 
operation on the fired rule’s output IT2 FSs after which the 
resulting IT2 FS is defuzzified directly by computing the center 
of gravity of the average of its lower and upper MFs. An alter-
native to this is included in [2] and consists of a weighted aver-
age of the average of the lower and upper values of the firing 
interval for each fired rule.

In [3], [4], [36, Ch. 6] the output of an IT2 fuzzy system 
is described as a weighted combination of two T1 fuzzy sys-
tems, one using only lower MF quantities and the other 
using only upper MF quantities. This very simple fuzzy 

system architecture not only has led to good performance 
but has also lent itself to mathematical performance analyses 
(robustness and stability).

F. Type-Reduction
TR of an IT2 FS maps it into a T1 interval FN whose sup-
port is a closed interval of real numbers, often called the 
“type-reduced set”. How to determine the two end-points of 
this interval is described in Subsection III.G. There are differ-
ent kinds of TR in an IT2 fuzzy system depending on 
whether one does or does not begin with the union of fired 
rule output sets. In the former case, one uses Centroid TR, 
whereas in the latter case one usually uses Center of Sets 
(COS) TR.

As is stated in [32, pp. 417-418]:
TR originated in [18], [19] out of the necessity to figure 
out a way to go from a T2 FS to a number. Their ap-
proach … began by defining the centroid of a GT2 FS 
(and not the centroid of an IT2 FS) by using the Exten-
sion Principle and the Wavy Slice Representation …, and 
by then computing the centroid for each embedded T2 
FS. Numerical procedures were then stated that required 
the exhaustive enumeration of all such sets. For … COS 
TR a “generalized centroid” was introduced, and then 
numerical procedures were again stated that required the 
exhaustive enumeration of all embedded T2 FSs. … It 
was already known in [18], [19] and [24, Ch. 9] that ex-
haustive enumeration was unnecessary for IT2 FSs. In 
fact, after mentioning the high computational complex-
ity for computing the centroid or generalized centroid 
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Input
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IFN)      

FIGURE 3 IT2 fuzzy system with: (a) TR + defuzzification, and (b) direct defuzzification. T1 IFN is short for “T1 interval fuzzy number” [32].
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for GT2 FSs by exhaustive enumeration procedures, [24, 
Ch. 9] focused on IT2 FSs, stating: When the secondaries 
are interval sets [T1 interval FNs], then exact results for 
the centroid or generalized centroid can be determined 
using a totally different computational procedure  …. 
The computational complexity in this case is so low that 
the centroid and generalized centroid calculations be-

come very practical. … It was not until [20] that exhaus-
tive enumeration no longer was necessary for TR of a 
GT2 FS. The horizontal-slice representation of a GT2 FS 
made this possible.
This author now believes that a better starting point for TR 

is the Interval Weighted Average (IWA), which is described 
briefly in BOX 2. BOX 3 demonstrates how this is done for 
COS TR [32, Ch. 8], which is arguably the most popular form 
of  TR in an IT2 fuzzy system.

G. Algorithms for TR
There are now a multitude of iterative type-reduction algo-
rithms for computing the left and right endpoints, yl  and ,yr  of 
the type-reduced set (see [29] and [51] for descriptions of 
them), but the KM, EKM and EIASC algorithms are arguably 
the simplest to derive and explain, and the EIASC (BOX 4) is 
the fastest when it is coded in C, MATLAB or Java (see [8] for 
computation time comparisons of EKM, EIASC and DA) 
algorithms when they are all coded in MATLAB, C, Java, R 
and Python). Some of the other algorithms have restrictive 
requirements (e.g., to certain kinds of MFs or FOUs) and are 

BOX 2: Interval Weighted Average [32, Ch. 8]
Consider the following arithmetic weighted average, 

,y x w wi ii
n

ii
n

1 1
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= =
/ /  in which [ , ]x X a bi i i i! /  and wi !  
[ , ]W c di i i/  ( , , );i n1 f=  xi  may be a positive or negative real 

number, but wi  must be a positive real number, or some but 
not all wi  may be 0. When at least one wi  is modeled as an 
interval and the remaining wi  are modeled as crisp numbers 
then the resulting weighted average is called an IWA, which is 
evaluated over the Cartesian product space X X1 2# #

.X W W Wn n1 2# # # # #g g  The resulting IWA, ,YIWA  is a closed 
interval of real numbers completely defined by its two end-
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Because ( , , )x i n1i f=  appear only in the numerator of ,YIWA  
the smallest (largest) value of each xi  is used to find ( ),y yl r  
i.e. (see [32, Subsection 8.2.2] for details):
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Iterative algorithms (e.g., KM, EKM, EIASC—see Sub-section III.G) 
are used to find the switch points L and R.

BOX 3: COS TR for IT2 FSs
Let ( )xYCOS l  denote the COS type-reduced set. It is a T1 
interval FN, i.e.,
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so that
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Comparing (10) and (11) to the first lines of (7) and (8), respec-
tively, conclude that [ ( ),xy l
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therefore less general than the KM, EKM and EIASC algo-
rithms, or have derivations that are very complicated.

Why is it though that so many people have and continue 
to search for better algorithms for computing yl  and ?yr  
My answer is: yl  and yr  are associated with very well defined 
and relatively easy optimization problems that lend them-
selves to analyses and/or simulations, and researchers who 
look at such problems love to do analysis and/or simulations 
(myself included).

What does “relatively easy” mean? It is now known (e.g., [21], 
[32, Ch. 8 Appendix 2]) that for the IWA the shapes of ( )y kl  and 

( )y kr  are convex and each has one global extremum with no 
local extrema. Thus, regardless of how one initializes any algo-
rithm for finding the extremum convergence will occur, and it is 
impossible to become trapped at a local extremum. The shapes of 

( )y kl  and ( )y kr  (see e.g., [32, Fig. 8.16]) suggest that quadratic 
convergence should be possible, something that has been proven 
in [22] for the continuous KM (EKM algorithms) used for com-
puting the centroid of an IT2 FS.

H. GT2 Fuzzy Systems
A horizontal-slice fuzzy system (with M  rules, each with the 
same p  antecedents) is analogous to an IT2 fuzzy system where 

all of the IT2 FS computations occur for each horizontal slice. 
A WH GT2 fuzzy system is an aggregation of kmax  horizontal-
slice fuzzy systems (Fig. 4), where aggregation occurs by means 
of defuzzification; it is based on the horizontal-slice representa-
tion of a GT2 FS.

The idea of aggregating horizontal-slice fuzzy systems was 
proposed originally by Wagner and Hagras [48]–[50] (in these 
references, the term “zSlice” is used instead of horizontal-slice), 
and was expounded upon in [30]. It is based on the horizontal-
slice decomposition of a GT2 FS that is given in (5) and the 
fact, that planes-a  of a function of GT2 FSs equal that function 
applied to -planesa  of those GT2 FSs (this is the T2 version of 
the well-known T1 fact, that -cutsa  of a function of T1 FSs 
equal that function applied to -cutsa  of those T1 FSs). It is 
referred to in [32, Ch. 11] as the “WH GT2 fuzzy system”, so 
as to distinguish it from other kinds of GT2 fuzzy systems that 
may be developed in the future.

Just as there are different kinds of IT2 fuzzy systems there 
are comparable WH GT2 fuzzy systems. All share the following 
common computations (in Steps 1–6 below, , , ,l M1 f=

, , , , ):i p k k1 1and maxf f= =

1) Decide on how many -planesa  will be used (call this 
number )kmax  and which ones they will be, i.e., what 

ka  are.
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l
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u  and the M  consequent GT2 FSs ( ) .Gl
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u
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( ) ( ), ( )F f fx x xl l l

k k k/a a al l lr6 @  where formulas for ( )f xl
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l  

and ( )f xl
ka lr  are found in [32, Ch. 11].

To explain the remaining steps, I focus next on what is 
arguably the most popular approach, a WH GT2 Mamdani 
fuzzy system that uses COS TR + average of end-points 
defuzzification:
4) Compute the centroids of -planesa  for each of the M  

rule’s consequent GT2 FS, ,Gl
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u  using iterative algorithms 
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5) Using the results from Steps 3 and 4, compute the COS 

TR set (BOX 3) for each horizontal slice using iterative 
algor ithms (e.g., EIASC, BOX 4) the results being 
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I. Sculpting the State Space and Performance  
Potential for T2 Fuzzy Systems
It is well known that a rule-based fuzzy system [with input 

( , , )]col x xx p1 f/  is a Nonlinear (NL) var iable-structure 
 system with output ( ),y f x=  meaning that this system auto-
matically partitions the state space X Xp1 # #g  into a multi-
tude of NL subsystems (i.e., it sculpts the state space). This 
occurs by virtue of the overlapping MFs (or FOUs) of 
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FIGURE 4 WH GT2 fuzzy system is the aggregation of horizontal-slice 
IT2 fuzzy systems.

BOX 4: EIASC Algorithm [53] for computing the 
end-points of an IWA
In this table a a an1 2 g# # #  and b b bn1 2 g# # #
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 OTHERWISE, GO TO STEP 2
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the linguistic terms of the p inputs. [34] quantifies the phrase 
“sculpting the state space” by introducing the following 
three partitions:

 ❏ First-order rule partitions that provide a course sculpting of 
X Xp1 # #g  into hyper-rectangles each of which contains 
the same number of the same fired rules.

 ❏ Second-order rule partitions that provide a finer sculpting 
of X Xp1 # #g  when MFs change their mathematical for-
mulae (slopes) within a first-order rule partition. Each of 
these partitions corresponds to a NL subsystem.

 ❏ Novelty partitions that further sculpt X Xp1 # #g  in a 
novel but different way, but only when TR is used in IT2 or 
WH GT2 fuzzy systems.
[34] explains and demonstrates how a T1 fuzzy system 

can sculpt its state space with greater variability than a crisp 
rule-based system can, and in ways that cannot be accom-
plished by the crisp system, and that an IT2 fuzzy system 
(that has the same number of rules as the T1 fuzzy system) 
can sculpt the state space with even greater variability, and 
in ways that can not be accomplished by a T1 fuzzy system 
(see BOX 5). It is then conjectured that it is the greater 
sculpting of the state space by a T1 fuzzy system that lets it 
outperform a crisp system, and it is the even greater sculpt-
ing of the state space by an IT2 fuzzy system that lets it out-
perform a T1 fuzzy system (the latter can occur even when 
the T1 and IT2 fuzzy systems are described by the same 
number of parameters).

[34] shows that TR provides additional sculpting of the state 
space, and so an IT2 fuzzy system that uses TR has an even 
greater potential for improved performance over a T1 fuzzy 
system than does an IT2 fuzzy system that does not use TR.

Interestingly [35], the numbers of first-and second-order 
rule partitions on any horizontal slice of a WH GT2 fuzzy 
system are exactly the same as those for a comparable IT2 
fuzzy system (for triangle and trapezoid secondary MFs). 
What is different for the GT2 fuzzy system is that both of 
the lower and upper ends of the firing interval change in 
every one of its second-order rule partitions on each of its 
horizontal slices, whereas this only occurs for some of the 
lower and upper ends of the firing interval in the compara-
ble IT2 fuzzy system. Additionally, a WH GT2 fuzzy system 
has different novelty partitions on each of its horizontal slic-
es. It is these two differences that provide a WH GT2 fuzzy 
system with the potential to outperform its comparable IT2 
fuzzy system.

J. Other Theoretical Topics
Many theoretical T1 FS topics have been extended to IT2 FSs, 
e.g., uncertainty measures (centroid, cardinality, fuzziness, vari-
ance and skewness), ranking, similarity, subsethood, clustering, 
classification, aggregation (IT2 OWA operators, linguistic 
weighted average), rough sets, universal approximation, etc. To-
date only a small number of IT2 FS topics have been extended 
to GT2 FSs, e.g., uncertainty measures (centroid, cardinality, 
fuzziness, variance and skewness), similarity and clustering.

IV. Computing With Words

A. Overview
When Zadeh coined the phrase Computing With Words 
(CWW), he stated [60]:

BOX 5: Sculpting the state space example [34]
In this example, there are two inputs, x1  and ;x2  both are 
described by three overlapping MFs (for Low, Moderate, and 
High). Each fuzzy system has nine rules and 25 first-order rule 
partitions. The T1 fuzzy system has 77 T1 second-order rule 
partitions, whereas the IT2 fuzzy system has 135 second- order 
rule partitions, demonstrating a much greater fine sculpting of 
the state space by the IT2 fuzzy system.

Observe that MF uncertainties, as modeled by FOUs, fire more 
rules more of the time and fewer rules less of the time (compare 
the sizes of the one-, two- and four-rule rectangles in (a) and (b)).
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FIGURE 5 First- and second-order rule partitions whose con-
structions are explained in [34] for (a) T1 fuzzy system and 
(b) IT2 fuzzy system. Each colored region is a first-order rule 
partition, and the dotted lines within each colored region cre-
ate the second-order rule partitions. Regarding a:b, a denotes 
the number of same rules fired in the first-order rule partition, 
and b denotes the number of second-order rule partitions 
within that first-order rule partition (count them).
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CWW is a methodology in which the objects of com-
putation are words and propositions drawn from a natu-
ral language. [It is] inspired by the remarkable human 
capability to perform a wide variety of physical and 
mental tasks without any measurements and any com-
putations. CWW may have an important bearing on how 
humans … make perception-based rational decisions 
in an environment of imprecision, uncertainty and 
partial truth.
He did not mean that computers would actually compute 

using words—single words or phrases—rather than numbers. 
He meant that computers would be activated by words, which 
would be converted into a mathematical representation using 
FSs, and that these FSs would be mapped by a CWW engine 
into some other FS, after which the latter would be converted 
back into a word.

The basic premises for CWW are [61, p. 21]: words are less 
precise than numbers, precision carries a cost, and, numbers are 
respected, words are not. Zadeh (e.g., [61, pp. 21–22] provides 
three rationales for CWW:
1) Use words when numbers are not known or are too cost-

ly to obtain. Use of words is a necessity.
2) Words are good enough. Numbers are known but there is 

a tolerance for imprecision which can be exploited by 
employing words in place of numbers, aiming at a reduc-
tion in cost and achieving simplicity. Use of words is 
advantageous.

3) Linguistic summarization. Words are used to summarize 
numerical information. Use of words is expedient.

Interestingly, there does not seem to be agreement on 
exactly what CWW means; see, e.g. [41] in which seven CWW 

scholars (including Zadeh) contribute their differing opinions 
about this. Related to this are the following tests proposed for 
calling something “CWW” [40, Ch. 11]:
1) A word must lead to a MF rather than a MF leading to a 

word.
2) The output from CWW must be at least a word and not 

just a number.
3) Because words mean different things to different people, 

they should be modeled using at least IT2 FSs.
Test #3 may seem controversial, but if one believes in lin-

guistic uncertainty, as Zadeh did, it should not be waived aside, 
since a T1 FS cannot simultaneously capture intrapersonal and 
interpersonal uncertainties about a word, whereas an IT2 FS 
can (Subsection II.C).

CWW can be partitioned (e.g., [38]) into Basic (B), Interme-
diate (I) and Advanced (A) CWW (Fig. 6). BCWW (also called 
“Level 1” CWW by Zadeh [61]) mainly deals with descriptions 
of complex systems in terms of fuzzy IF-THEN rules. For the 
most part, these are function approximation applications of fuzzy 
logic that deal with fuzzy systems with numerical outputs, like 
fuzzy rule-bases, fuzzy classifiers and fuzzy clustering. Whether or 
not function approximation BCWW applications should be 
called CWW may seem controversial to readers (they fail Test 1, 
and if T1 FSs are used, they also fail Test 3); however, Zadeh was 
very inclusive, and since rule-based systems used words, he 
decided to include them within CWW by later distinguishing 
between Level 1 and Level 2 CWW.

ICWW mainly deals with problems that involve simple 
assignments of attributes, but with linguistic outputs, including 
IF-THEN rules, aggregation operators (e.g., ordered, fuzzy and 
linguistic weighted averages), 2-tuple models, automata, and 
linguistic summarization.

ACWW (also called “Level 2” CWW by Zadeh [61]) 
mainly deals with intricate assignments of truth, probability, 
and possibility. ACWW problems have three components: (1) 
A question (e.g., what is the value of Y?); (2) an information 
set that contains question-relevant information (world knowl-
edge), stated as propositions or valuations; and (3) an aggrega-
tion function [e.g., Zadeh’s Generalized Extension Principle 
(see BOX 6)] that provides the answer to the question subject 
to the information set. Zadeh’s classical example is: Most 
Swedes are tall. What is the average height of Swedes?

Many theoretical approaches have been proposed to for-
malize CWW, among which are approximate reasoning, con-
cept algebra, formalization of the Generalized Constraint 
Language, fuzzy arithmetic, fuzzy automata, fuzzy Petri nets, 
linguistic summarization theory, meta-linguistic axioms, 
ontologies, Perceptual Computer, rough sets, Turing machines, 
2-tuple models, voting model semantics and Z-numbers. Due 
to space limitations, the rest of this section focuses only on 
linguistic summarization theory, 2-tuple models and the Per-
ceptual Computer, since they seem to presently be the most 
widely used and studied approaches to CWW. But first, we 
take a small detour to address possible connections between 
CWW and Natural Language Processing (NLP).

IF-THEN
Rules   

Per-C 

BCWW

Implicit Assignment of Truth,
Possibility, and Probability,
Generalized Constrained
Language

Aggregation Operators,

2-Tuple Models, Automata,

Linguistic Summarization

Fuzzy Logic = CWW 

ICWW

ACWW

Function
Approximation
(Clustering,
Classification)

FIGURE 6 The partitioning of CWW into Basic (B), Intermediate (I) 
and Advanced (A) CWW [38]. IF-THEN rules are used in BCWW and 
ICWW; the Per-C is used in ICWW and ACWW.
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B. CWW and NLP
NLP is a theory-motivated range of computa-
tional techniques for the automatic analysis 
and representation of human language. 
Kacprzyk and Zadrozny [17] note that:

Unfortunately, in spite of inherent po-
tentials of CWW, it has been practically unnoticed by 
large scientific communities that are involved in com-
putational-linguistics-related areas, notably NLP and 
natural language generation in particular; these com-
munities have produced theoretic results, algorithms, 
software, and real-world applications. This can be 
viewed strange because CWW could offer effective and 
efficient tools and techniques to handle imprecision of 
meaning that is crucial in natural language yet not man-
aged by traditional approaches. Without the acceptance 
of CWW as a proper paradigm for dealing with (aspects 
of ) natural language by the relevant research communi-
ties, the real development and exposure of CWW can 
be, in our opinion, difficult.
It may be that Zadeh caused the lack of communication 

between CWW and NLP researchers when he said [61, p .3]:
A common misconception is that CWW and NLP 
are closely related. In fact, this is not the case. CWW 
and NLP have different agendas and address differ-
ent problems.
On the other hand, recently Novak [45] outlined how one 

can model the meaning of basic constituents of natural lan-
guages (nouns, adjective adverbs, verbs) using a fuzzy nat-
ural language.

Just as there does not seem to be agreement on exactly 
what CWW means, there does not seem to be agreement 
about synergisms between CWW and NLP.

C. Linguistic Summarization
A linguistic data summary (introduced by Yager [56], and then 
extended by Kacprzyk and Yager [16]) concerns a set of objects 
(records), { , , },Y y yn1 f=  in a database, ,D  and a set of attri-
butes (features) characterizing the objects from ,Y  namely 

{ , , } .A A An1 f=  For example, Y  could be a set of Porsche 
autos from a database of racing cars, and .A speed1 =

A linguistic summary includes: 1) a summarizer, ;S  2) a lin-
guistic quantifier, ;Q  and, 3) a truth-value (validity) of the sum-
mary, .T

The two most prevalent forms of linguistic data summa-
ries are: Qy s\  are P  (e.g., most Porsches are very speedy) and 
QRy s\  are ,P  (e.g., most lightweight Porsches are very 
speedy). A library of such linguistic summaries must be speci-
fied ahead of time, so that a truth-value, ,T  can be computed, 
(e.g., for each Porsche in ,Y  T  has to be computed for every 
linguistic summary). Fuzzy sets for ,Q  R  and P  are used to 
compute a numerical value for .T  Formulas for ,T  due to 
Zadeh [59], are in [16]. The winning linguistic summary for a 
specific element in Y  (e.g., Porsche #23) is the one that has 
the largest value of .T

Four other quality measures (in addition to T ) that are 
sometimes used to choose a winning linguistic summary are: 
degree of imprecision (fuzziness), degree of covering, degree of 
appropriateness, and length of summary. See, e.g. [16] for how 
these degrees can be computed using fuzzy sets and also how 
the five quality measures can be aggregated to arrive at the 
winning linguistic summary.

The two kinds of linguistic summaries just mentioned have 
been extended from T1 FSs to IT2 FSs in [44], which allows 
them to include the linguistic uncertainties that are associated 
with Q and R. Since 2008, Wilbik (e.g., [15]) has pioneered the 
application of linguistic data summaries to time series. Linguis-
tic summarization can also be accomplished using IF-THEN 
rules and IT2 FSs [52].

D. 2-Tuple Linguistic Model
When one begins with a vocabulary for a CWW application 
and has a FS model for each word in that vocabulary (the 
result being a “codebook”, which is a collection of word and 
FS pairs), then when FS operations, such as rules or aggrega-
tions, are performed the result is one or more new FSs that 
may no longer resemble the FSs in the codebook. Since the 
output from a CWW application must be a word, if the FS 
does not appear in the codebook, then how does one return 
to a word?

There can be at least two different approaches to resolving 
this problem, namely similarity and a 2-tuple linguistic model. 
The similarity approach computes the similarity of the new FS 
with each element in the codebook and then chooses the win-
ning term as the one with the largest similarity (and can be 
used when the codebook words are modeled using IT2 FSs). 

BOX 6: Generalized Extension Principle (GEP) [60]
Assume that ( )f $  and ( )g $  are real functions:

, : .f g U U U Vn1 2 "# # #g

Moreover, assume that

( , , , )
( , , , )  

f X X X A
g X X X B

IS 
IS

n

n

1 2

1 2

f

f

where A and B are T1 FSs. Then, A induces B according to the 
following GEP: When ( , , ),v g u un17 f=  then 

( ) ( ( , , )) .v f u uSUP
{ ,..., | ( ,..., )}

B
u u v g u u

A n1
n n1 1

fn n=
=

Otherwise, ( ) .v 0Bn =  This is a constrained maximization 
problem.

The basic premises for CWW are: words are less 
precise than numbers, precision carries a cost, and, 
numbers are respected, words are not.
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The 2-tuple linguistic model, introduced by Herrera and Mar-
tinez [14], is novel but so far can only be used when the code-
book words are modeled using T1 FSs. It is described very 
nicely in the Preface of [23], as:

The 2-tuple linguistic model follows the fuzzy linguis-
tic approach by keeping the fuzzy representation of the 
semantics and providing a syntax for each 2- tuple lin-
guistic value. It provides extra information by a numeri-
cal parameter which converts the linguistic represen-
tation into a continuous one that facilitates obtaining 
more accurate linguistic results, and it fulfills all of the 
requirements of the CWW methodology, providing 
easily understood linguistic outputs from linguistic 
inputs. All 2-tuple linguistic based approaches also pro-
vide accurate linguistic results that are easy to under-
stand, despite the complexity of the decision definition 
framework. A software suite called Flintstones is avail-
able that facilitates the automation and implementation 
of 2-tuple linguistic decision support tools and also the 
comparison among different decision approaches.

E. Perceptual Computer
Perceptual computing [40] is a methodology for assisting people 
to make subjective judgments. The Perceptual Computer—Per-
C—, introduced in [25], is an architecture for perceptual com-
puting that is depicted in Fig. 7. It consists of three components: 
encoder, CWW engine and decoder. Perceptions—words—
activate the Per-C and are the Per-C output (along with data); 
so, it is possible for a human to interact with the Per-C using 
just a vocabulary. A vocabulary is application (context) depen-
dent, and must be large enough so that it lets the end-user inter-
act with the Per-C in a user-friendly manner. The encoder 
transforms words into IT2 FSs and leads to a codebook. The 
outputs of the encoder activate a CWW engine, whose output 
is one or more other IT2 FSs, which are then mapped by the 
decoder into a recommendation (subjective judgment) with 
supporting data. The recommendation may be in the form of a 
word, group of similar words, rank or class.

The Per-C always begins with an application for which one 
or more application-dependent vocabularies are chosen. Data 
are then collected either from a group of subjects, when the 
Per-C is going to be used by more than one end-user, or from 
a single subject, when the Per-C is going to be used as a 

personal advisor. That data are then mapped 
(by the encoder) into IT2 FS models for each 
word in each vocabulary.

How to accomplish the encoding, what 
some CWW engines are and what some 

decoders are (similarity is widely used) can be found, e.g. in 
[40] and [33].

F. ACWW Observations
Even though Zadeh proposed ACWW and illustrated it by means 
of some examples (e.g., [61]), for which he provided their theoret-
ical solutions, stated in terms of the GEP constrained by the 
example’s world knowledge, to the best knowledge of this author 
he never actually carried out the (very difficult) calculations for 
any of those solutions. See [46] for what appears to be the only 
attempt to-date at doing this, published as a journal article.

Critical discussions about ACWW, appear in [38], and 
include:

 ❏ What is the impact of using the huge amount of data (i.e., 
world knowledge) that is now available on the Internet, which 
makes many ACWW problems easy to solve and not needing 
FSs at all, e.g., the average height of Swedes can be found on 
the Internet, making “Most Swedes are tall”, irrelevant?

 ❏ What does one do with the answer to an ACWW problem 
(the intended use of the answer to the ACWW question 
should inform the solution to the question, e.g., the builder 
of a home in Sweden cannot accept the answer: “The aver-
age height of Swedes is pretty tall”—he needs numbers)?

 ❏ How does one validate the answer to an ACWW problem that 
are solved by using the GEP (most ACWW problems are too 
difficult to use a human-centered Turing test for validation)?

 ❏ How do humans solve ACWW problems and then validate 
their solutions? Should the answer to this question inform 
the way in which ACWW problems are validated?

V. Conclusions and Future Work
This article has focused on T2 FSs and CWW, both of which 
were introduced by Lotfi Zadeh. There is a very natural flow of 
ideas and techniques from T1 FSs to IT2 FSs to GT2 FSs, which 
may help explain why there now is a very large literature about 
IT2 FSs (with many real-world applications) and a growing liter-
ature about GT2 FSs. CWW is more fragmented, and, although 
ICWW seems quite healthy, as exemplified by practical applica-
tions for linguistic summarization, 2-tuple linguistic models and 
the Perceptual Computer, ACWW is problematic. As is stated at 
the very end of [38] “… the time is right for shaking the tree of 
ACWW to see what golden apples fall from it.”

Regarding future research, in Nov. 2017 I contacted 30 
researchers and asked them to suggest promising near-term and 
long-term avenues of research for IT2 and GT2 FSs and systems 
as well as for CWW. Although nine of them provided me with 
suggestions, there was no general agreement across what they 
sent to me, which suggests that future research could be an 
interesting topic for one or two workshops on T2 FSs and sys-
tems and CWW.

CWW
Engine

Decoder
Words Rec + DataFS FS

Encoder

FIGURE 7  Architecture for the perceptual computer.

Perceptual computing is a methodology for assisting 
people to make subjective judgments.
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Three topics that are not covered in this article are methods 
for optimizing MF parameters, applications, and software. Many 
of the references in the SM are about the first two topics. 
Sources for available software are also included in the SM.

Finally, notably missing from this article are discussions 
about Z-numbers [62] and CWWs. These numbers involve 
both FSs and (fuzzy) probability and are now the subject of 
intensive research.
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